Faltung der Intenstatsverteilung hinter einer Lochblende mit
einer Rechteckfunktion

Definition der Intensitatsverteilung

ni- ClearAll[£, I0, x0, x, Ib, G];
f[x ] =I0* (2Besseld[1l, G» (x-x0)]/ (G* (x-x0)))A2+TIb

4 10 BesselJ[1l, G (x-x0)]2?

ou2l- Ib +
G? (x-x0)?
nEl= Limit[£[x], x » x0]

outgl- I0 + Ib

4= TeXForm[f [x]]

outaymexform= \frac{4 \text{I0} J_1(G (x-\text{x0})) {}A2}{GA2
(x-\text{x0})A2}+\text {Ib}

Definition der Rechteckfunktion mit der Breite 2b

ns= ClearAll[r, b, x];
r[x_] = UnitBox[x/ (2b)] / (2b)

UnitBox | i}
oufgls ———

2Db
n7:= ClearAll[b]; Integrate[r[x], {X, -Infinity, Infinity}, Assumptions -» {b > 0}]

out7]= 1

ngl- TeXForm[r[x]]

outgl/TexForm=- \frac {\Pi \left (\frac{x} {2 b}\right)} {2 b}

nor- PiecewiseExpand|[r[x]]

1

— -1=<%<1
out[9]= §2b b
0 True

inf10}= TeXForm[PiecewiseExpand[r[x]]]

Out[10]/TeXForm=
\begin{cases}
\frac{l} {2 b} & -1\leqg \frac{x}{bl\leg 1 \\
0 & \text{True}
\end{cases}
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Ausnutzung der Distributivitat der Faltung
r*(f+h)=r *f+r *h
und der Assoziativitat mit der skalaren Multiplikation
r¥(af)=a(r *f)
sowie ersetzen von (x - x0) durch x fuhrt zu:

1= £[x_] = (2Besseld[l, Gxx] / (G*xx)) A2

4 BesselJ[1, Gx]?

Out[11]=
G2 x?

nizi= hix ] = 1

out[12]= 1

inf1s= Convolve[ r[y], h[y] , ¥, X, Assumptions » b > 0]

out[13]= 1

inf14= Imsp = Convolve[r[y], £[y], ¥, X, Assumptions » b > 0]
out[14]- (2 (2 b® G2 BesselJ[0, G (b-x)]%2-2Db%?G? xBesselJ[0, G (b-x)]?-
2b G? x? BesselJ[0, G (b-x)]%2+2G? x> Besseld[0, G (b-x)]%+
2b’ G? BesselJ[0, G (b+x)]?+2b?G* xBesselJ[0, G ( )12 -
2b G? x? BesselJd[0, G (b+x)]%2-2G?x>Besseld[0, G ( Y12 -
2Db%2 GBesselJ[0, G (b-x)] BesselJ[1l, G (b-x)] +
2 G x? Besseld [0, G (b-x)] Besseld[1l, G (b-x)] —~bBesseld[1, G (b—x)]2+
2b’ @? BesselJ[1, G (b-x)]?-xBesseld[1l, G (b-x)]?%-
2b%G? xBesseld[1, G (b-x)]%2-2ba?x?Besseld[1, G (b-x)]%+
2 G?x*Besseld[1l, G (b-x)]%2-2Db2GBesseld[0, G (b+x)] Besseld[1l, G (b+x)] +
2 Gx?BesselJ[0, G (b+x)] BesselJ[1l, G (b+x)] -bBesselJ[1l, G (b+x)]?+
2Db®G? BesselJ[1, G (b+x)]%+xBesseld[1, G (b+x)]%+
2b? G* xBesselJd[1l, G (b+x)]%-2bG?*x*Besseld[1l, G (b+x)]?-
2G*x’ BesselJd[1, G (b+x)]?)) /(3bG” (b-x) (b+x))

b+x
b+x

(5= Imspl = FullSimplify[Imsp]

1
oufis: —2 |2 (b -x) BesselJ[0, G (b-x)]?+
3b

2 BesselJ[0, G (b-x)] BesselJd[1l, G (b-x)]
2 (b +x) BesselJ[0, G (b+x)]2%- -

G
2 BesselJ[0, G (b+x)] Besseld[1l, G (b+x)]
+
G
(-1+2 G (b-x)?) BesselJ[1,G (b-x)]? (-1+2G? (b+x)?) BesselJ[1,G (b+x)]?
b-x * b+x

G2
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infi6e]= TeXForm[Imspl]

Out[16]/TeXForm=
\frac{z \left (\frac{\frac{\left (2 GA2 (b-x)A2-1\right) J_1(G

(b-x)) {}r2} {b-x}+\frac{\left (2 G/\2 (b+x) A2-1\right) J_1(G
(b+x)) {322} {b+x}} {GA2}+2 (b-x) J_0(G (b-x)) {}r2-\frac{2 J_1(G
(b-x)) J_0(G (b-x ))}{G}+2 (b+x) J_0(G (b+x)) {}A2-\frac{2 J_0(G
(b+x)) J_1(G (b+x))}{G}\right)} {3 b}

n171= Imsplf = Function[x, Evaluate[Imspl]]
1 2
ouf17]= Function|x, —2 |2 (b-x) Besseld[0, G (b-x)]°+
3b

2 BesselJ[0, G (b-x)] BesselJ[1l, G (b-x)]
G

2 (b +x) BesselJ[0, G (b+x)]?-

2 BesselJ [0, G (b+x)] Besseld[1l, G (b+x)]
G

(-1+2 G? (b-x)?) BesselJ[1,G (b-x)]? (-1+2G? (b+x)?) Besseld[1,G (b+x)]?
+
b-x b+x

G2

+

inft8l= IxO = Imsplf[0]

1
oufig- —2 |4 b BesselJ[0, bG]2 -
3b

+
G b G?

4 BesselJ[0, bG] BesselJ[1l, bG] 2 (-1+2b2G2) Besseld[1, bG}2)
Inf19]= TeXForm|[IxO]

Out[19]//TeXForm=
\frac{2 \left(\frac{2 \left(2 bA2 GA2-1\right) J_1(b G) {}r2} {b
GNA2}+4 b J 0(b G) {}r2-\frac{4 T 1(b @) J 0(b G)}{G}\right)} {3 b}

in20)= Limit [IxO, b » 0]

out[20]= 1

in21:= Imsplb0 = Limit [Imsplf[x], b > 0]

1
oupt]ls - ———4 (—2 G? x? BesselJ[0, Gx]?
3 G6? x2
2 GxBesselJ [0, Gx] ((1+2G2 x2> BesselJ[1l, Gx] -GxBesselJ[2, GX}) +

BesselJ[1, Gx] ((1-8G”x*) Besseld[1, Gx] +2Gx (-1+2G”%*) BesselJ[2, Gx]))

in22}= FullSimplify[Imsplb0]

1 2
out[22]= HypergeometricOFlRegularized[2 , - —G?x?
4
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Numerischer Test

in23l= Imsplb0f = Function[x, Evaluate[Imsplb0]]

1

Out[23]= Function{x, - 4 <—2 G? x? BesselJ[0, Gx]%2+2GxBesselJ[0, Gx]

3G6%x?
((1+2G2 Xz) BesselJ[1l, Gx] -Gx BesselJ[2, GX}) +BesselJ[1, Gx]

((1-86%%) Besseld[1, Gx] +2Gx (-1+26?x*) Besseld[2, Gx]))]
4= G=Pi/E // N

Plot[f[x] - ImsplbOf[x], {x, -15, 15}, PlotRange » All]
Out24]= 1.15573

15%x1073

Out[25]=

Analytischer Test furG =1

ne6l= G = 1; FullSimplify[Imsplb0]

4 BesselJ[1, x]?

QOut[26]=
X2
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Effekt von b

ne27i= G =

0.2 %Pi;

plotlist = Table[Imsplf[x], {b, 0.25, 1.0, 0.25}];
LogPlot[plotlist, {x, -10, 40}]

Out[29]=

0.001

1074 ¢

1075 ¢

1E

0.1¢

in30= ClearAll[G, b]

3= IxOf = Function[{b, G}, Evaluate[IxO]]

1
oupst)- Function|{b, G}, —2 (4bBesse1J[O, bG]2-
3b

nE2;= plotlist
textlist

+

4 BesselJd[0, bG] BesselJd[1l, bG] 2 (-1+2Db2G2) BesselJd[1, bG]2 )}
G b G?

Table[IxOf[b, G], {G, 0.25, 2, 0.25}];
Table[G, {G, 0.25, 2, 0.25}];

Plot[plotlist, {b, 0, 1}, AxesLabel » {"b", "IO0"},
PlotLegends » LineLegend[textlist, LegendLabel » "G"]]

10

1.00 — )
0.95} - o
| — 0.75
0.90 -
Out[34]= L L
0485} — 1.25
: — 1.5
0.80
— 1.75
7 — 2.
| . ‘ | ‘ ’

| 5
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nEs= ClearAll[G, b]

n37)= LplusImspl = Limit [Imspl, X » b]
1
ou37 ——— (8 b? G? BesselJ[0, 2bG]2 -
3 b? g?
4bGBesselJ[0, 2bG] BesselJ[1, 2bG] + (-1 +8Db?G?) Besseld[1, 2bG]?)

in39)= LminusImspl = Limit[Imspl, x » -Db]
1
ouzgl: ——— (8 b? G? BesselJ [0, 2bG]? -

3b2%G?
4b GBesselJ[0, 2b G] BesselJ[1l, 2bG] + (—1+8b2 G2> BesselJ[1, 2bG}2>

n41:= LminusImspl = LplusImspl

outj41]= True

in43= TeXForm[LminusImspl]

Out[43]/TeXForm=
\frac{8 bA2 GA2 J_0(2 b G) {}A2+\1left (8 bA2 GA2-1\right) J_1(2 b
G) {}In2-4 b G J 1(2 b G) J_0(2 b G)}{3 br2 GA2}



